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Sample Rate Selection for Aircraft Digital Control
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The identification and evaluation of the important considerations in selecting sample rates for aircraft digital
control systems are discussed. The design method used in the evaluation is a discrete optimal synthesis technique
which possesses no artificial sample rate constraints due to discretization approximations. As an illustration of
the sample rate selection criteria, the methods were applied to a specific longitudinal design including wind gusts
and a bending mode. The dominant limitations on the sample rate were found to be the transient response
characteristics and the response due to wind disturbances. Stabilization of the bending mode was not a limiting
factor on the sample rate, although it was necessary to desensitize the design for acceptable performance with
imperfect knowledge of the bending mode frequency. It appears that a sample rate between 10 and 20 Hz would
be adequate for this example.

I. Introduction

AIRCRAFT digital control systems have now been imple-
mented1'2 and many more have been studied.3'7 In any

aerospace digital autopilot design process, the sample rate
must be selected and the literature discusses various methods
of accomplishing this selection. Sample rate selection is
sometimes based on a certain multiple of the highest im-
portant bending mode. An appropriate value for this multiple
was reported by Lee7 to be four. Others8"10 have also selected
sample rates to be about four times the highest important ben-
ding mode; however, it is perhaps more typical to select sam-
ple rates at approximately six to ten times the highest bending
mode.1-3'4'6'11 Recently, Herman5 introduced the concept that
the proper sample rate is independent of the bending modes
and should be based solely on disturbance effects. This was
applied to a V/STOL example and yielded a sample rate
which was slower than the highest bending mode. The purpose
of this paper is to bring the different (and sometimes
divergent) techniques together, to show the applicability of
each, and to offer some alternate criteria which are more
directly related to the actual sample rate effects.

The design technique used in the analysis often influences
the sample rate selection and, in some cases, causes the sample
rate to be significantly faster than required. Although many
variations exist, we prefer to divide the design methods into
two broad categories: 1) those where the design is done in the
continuous domain (or s-plane); and 2) those where the design
is done in the discrete domain (z or w-plane). Design using the
first category is attractive since it utilizes the experience
gained over many years of continuous autopilot design. The
authors using this method3'4'6'11 use one or a combination of
discrete approximation techniques (reviewed recently by
Slater12) to transform the resulting continuous compensation
into a discrete compensation. The effect of the approximation
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in the design is typically checked by a precise simulation.
Design using the second category includes the w-plane
techniques,7'8 z-plane Nyquist techniques,9 and the discrete
state space techniques of Herman,5 Johnson,11 and the
authors of this paper. The purpose here is not to recommend
any one particular design method; however, the ap-
proximations inherent in the category 1 methods introduce an
additional constraint which may be important in sample rate
selection. It is interesting to note that all authors reporting the
use of a category 1 design method selected a sample rate which
was a higher multiple of the bending modes of interest than
those authors using a category 2 method.

The selection of an appropriate sample rate for an aircraft
digital controller is a compromise among many factors. Fac-
tors which provide incentive to lower the sample rate ( w 5 ) are
cost and accuracy. By lowering cos, the cost of AID and D/A
equipment is directly reduced. The lower CPU % time usage
could be utilized for additional functions or could be trans-
lated into reduced central processor costs. The increased ac-
curacy obtained by slower sampling is well documented3 and
can also be translated into cost savings by reducing the word
size. These economic arguments indicate that the best
engineering choice is the slowest possible sample rate which
meets all performance specifications.

Factors which provide a lower limit or incentive to increase
the sample rate are: 1) closed-loop bandwidth or time re-
sponse requirements; 2) sensitivity to ^parameter variations;
and 3) effect of random disturbances. If using category 1 type
design methods, the approximation in the design would
provide an additional artificial lower limit on the sample rate
which may, depending on the factors above, influence the
sample rate. However, this factor will not be discussed since it
can be removed by changing one's design method.

II. Closed-Loop Bandwidth/Time Response
This cpnsideration is the absolute lower bound to the sam-

ple rate and has a theoretical basis in the sampling theorem

Fig. 1 Single autopilot channel schematic.

VEHICLE
DYNAMICS

\

q



976 J.D. POWELL AND P. KATZ AIAA JOURNAL

-0.25--

-0.50--

-0.75

Fig. 2 Closed-loop bending mode damping vs co5.

developed by Shannon.13 Assuming we can represent an
autopilot function by a single channel as depicted in Fig. 1,
the performance can be specified in terms of the frequency
response of q vs <5C. The sampling theorem states that in order
to reconstruct an unknown continuous signal from samples of
that signal, one must use a sample rate which is twice as high
as the highest frequency contained in the unknown signal.
This theorem applies to a feedback controller such as Fig. 1
because <5C is an unknown signal whose information up to a
given frequency must be extracted if the system output (q) is
to follow dc up to that given frequency of "bandwidth." The
sample rate, therefore, must be at least twice the required
closed-loop bandwidth of the system.

It is important to note the distinction between the closed-
loop bandwidth and the frequencies in the open loop vehicle
dynamics since these two frequencies can be quite different in
aircraft autopilots. Specifically, closed-loop bandwidths are
typically less than 2 HZ whereas important open-loop bending
and slosh mode frequencies are typically 2-10 Hz or even
higher. For stability reasons, it is important to be able to
distinguish between rigid body motion and vehicle resonan-
ces. Information concerning the state of the vehicle resonan-
ces can be extracted from sampling the vehicle output (q in
Fig. 1) without satisfying the sampling theorem because some
a priori knowledge is available (albeit imprecise) concerning
these dynamics. This a priori knowledge of the dynamic
model of the vehicle can be included in the compensation in
the form of a notch filter if using classical design or as part of
the observer dynamics if using state space methods. The
question that immediately arises, however, is: how accurately
must these high-frequency dynamics be known? This is an im-
portant question and is treated in the following section as a
separate issue in the selection of sampling rates.

The "closed-loop bandwidth" limitation provides the fun-
damental lower bound on the sample rate. In practice,
however, the theoretical lower bound of twice the bandwidth
would not be judged sufficient in terms of desired time
responses. For a system with a rise time on the order of 1
sec3-4 and a closed-loop bandwidth on the order of 0.5 Hz it is
not unreasonable to insist on a sample rate of 5 or 10 Hz
which is a factor of 10 or 20 times the closed-loop bandwidth.
Since pilot input is sampled and often passed directly into a
low-pass filter, a one or two sample period delay is possible
between pilot input and actuator command. This factor alone
suggests that the sample period be kept a small fraction of the
rise time, in line with the suggestion of a 10 Hz sample rate for
a 1 sec rise time.

In summary, the sampling theorem provides a theoretical
lower bound that co9 must be twice the closed-loop bandwidth.
This criterion has nothing to do with the vehicle resonances,
which affect w5 only through their uncertainty. In practice,
us would probably be selected to be 10 or 20 times the
bandwidth.

III. Sensitivity to Parameter Variations
Any control design relies to some extent on knowledge of

the parameters representing plant dynamics. Discrete systems
exhibit an increasing sensitivity for a decreasing cos when the
sample interval becomes comparable to any of the open-loop
vehicle dynamics. No guidelines are known which provide an
easily applied procedure for determining an acceptable sample
rate vs. expected parameter uncertainties; however, we have
studied the closed-loop pole movement with an error in a high
frequency vehicle resonance. In this section we will: a) briefly
outline the design method used to arrive at the various sen-
sitivity and performance information; b) demonstrate the sen-
sitivity of an autopilot including short period dynamics with
imperfect knowledge of the first bending frequency; and c)
reduce the sensitivity of the example by modifying the
designs.

Basic Relations

The discretized closed-loop system consists of the plant

where jc/ is the state vector, u{ is the control, w, is white distur-
bance noise, y( is the measurement vector, and v{ is the white
measurement noise. The compensator is

(2)

the observer

Ui-Cxi the controller (3)

where x-t is the estimated value of the state before the
measurement y , has been performed and jt,- is the estimated
value of the state after the measurement.

If the mechanized model in the observer is identical to the
plant, then the estimate error, defined to be

x=x-x (4)

goes to zero14 with roots given by the observer characteristic
equation

\<l>(I-KH)-Iz\=0 (5)

where / is the unit matrix and the total closed-loop system
roots are given by the controller and the observer roots, i.e. of
the polynomial

\<t>(I-KH)-Iz\=0 (6)

If (j)p ^ </> and F^ j± F, the plant-compensator system becomes

(7)

= 0 (8)

The separation of controller and observer roots no longer
exists and Eq. (8) must be solved to obtain the system roots.

For the sensitivity analysis we will use discrete synthesis of a
steady-state optimal linear regulator and observer. This com-

and the characteristic equation is

\ P F>

(I-KH)
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Fig. 3 Closed-loop bending mode damping \sAx4, weighting factor
(10% wh error).
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Fig. 4 Closed loop bending mode damping vs noise magnitude, G4
(10% uh error).

putational scheme calculates the optimal full-state variable
feedback ui — Cxi which minimizes the quadratic cost func-
tion

J= (9)

(where A is the weighting matrix of the states and B is the
weighting matrix of the controls) and calculates the gains for
the optimal linear discrete observer which minimizes the
estimation error given the noise statistics. The computational
algorithm is based on the discrete eigenvector decompositon
proposed by Vaughan15 and the numerical method of solution
by Bryson and Hall16 for synthesis of optimal continuous
systems. To evaluate the effect of parameter errors on the
root locations in the system designs, Eq. (8) is solved directly.
Example

The aircraft used as an example is a hypothetical one used
in a recent study.3'4 The model is for the longitudinal short
period motion and is represented by a fourth-order system in-
cluding the rigid body mode and the first bending mode. At
zero altitude and Mach 1.2 the open loop rigid body poles are
located3 at s=— 2±y'13.5 rad/sec. The bending mode is
lightly damped (^ = 0.01) with a natural frequency, ub1 of 4
Hz. The closed-loop poles of the rigid body were relocated by
the optimal discrete analysis to s = 16±ylO with essentially no
change in the bending mode poles.

It can be shown17 that the optimal compensator (controller
plus observer) generates a very deep and narrow notch filter
which filters out the unwanted bending frequencies. The
width of the notch filter is directly related to the low damping
of the bending mode and the noise properties of the system.
Furthermore, the optimal observer gains for the bending
mode are very low causing low damping in this estimation
error mode. If the bending frequency of the vehicle varies
from the assumed bending frequency, the incoming bending
frequency misses the notch and is transmitted as a positive
feedback to the elevator. This is demonstrated in Fig. 2 as a
function of sample rate, co5. Note the insensitivity to sample
rate for perfect knowledge of the bending mode and the
strong influence of sample rate for the 10% error case. For
this particular case the bending modes were unstable for all
sample rates with a 10% ub error, indicating a very sensitive
system which is typical of so-called optimal observer designs
based solely on noise statistics.

The sensitivity can be reduced by increasing the width of the
notch through variations of the weighting factors in Eq. (9)
that apply to the bending modes and by introducing ad-
ditional disturbance noise in the bending mode state of Eq. (1)
Figure 3 shows the effect on $b due to the bending mode
weighting factor Ax4 and demonstrates a substantial reduc-
tion in sensitivity. Note that it is possible to have f/,>0.05
with a 10% uh error and a sample rate only 20% faster than
the bending mode. Figure 4 depicts a similar trend for the
parameter (G^) representing the magnitude of the distur-
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Bending mode time history for various weighting factors
h error). <*5/<*b = 1.2 ( 7 = 0.2 sec), G4 = 100.

bance noise on the bending mode state. Ultimately, a final
design would consist of the combination of Ax4, G4 and
possibly other currently unidentified constants which yield the
"best" performance in terms of sensitivity, noise response,
and rigid body response.

Since this discrete analysis was based only on behavior at
the sample points, a simulation of the autopilot designs was
performed on a digital computer which included calculations
of the continuous vehicle behavior between sample points.
Figure 5 is a time history of the bending mode state (excluding
all rigid body motion) as excited by an impulsive wind gust. It
generally verifies that the intersample behavior is predicted
adequately by the discrete analysis of Figs. 3 and 4.

Summary

The system becomes increasingly sensitive to bending mode
frequency errors as the sample rate decreases; however, for
perfect frequency information, there is no effect of sample
rate on bending mode damping. Designs were demonstrated
that yielded good bending mode damping with a 10% uh error
and a sample rate 20% faster than the bending mode. Since a
typical rise time requirement for this type of autopilot would
be on the order of 1 sec, an adequate closed-loop response
would require a sample rate on the order of 10 Hz. This sen-
sitivity example was based on one bending mode at 4 Hz and,
in this .case, sensitivity considerations would not impose a
higher sample rate requirement. However, sensitivity of the
system to off nominal vehicle parameters must be evaluated
and, especially in slow sample rate cases, the system should be
specifically designed to minimize the sensitivity.

IV. Effect of Random Disturbances
The behavior of a continuous system driven by white or

colored noise is well understood and is described in various
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Fig. 6 Root mean square response vs T at various TW .
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Fig. 7 Effect of wind state feedback on rms response.

sources.18"20 The rms response will depend on dynamic
characteristics of the closed-loop system and on correlation
times of the colored noise. For a discrete controller, the
system exhibits an increasing noise response as the sample rate
decreases.

Basic Relations

For the addition of colored noise, we modify Eq. (1) by
augmenting the state and obtain

y-, = (10)

where w,- is the Gauss-Markov sequence driven by white noise
fjij with covariance QDdfj. Algorithms for the computation of
QD given the continuous noise statistics are given in Ref. 17.

If full-state feedback is used for control and an optimal ob-
server reconstructs the states, then the steady state covariance
matrix of the states, X, is given by18

(11)
where M and P are the steady state covariance matrices of the
observer errors before and after the measurements, respec-
tively. The square roots of the elements on the diagonal of A'
are the rms values of the states.

The controller, Uj=Cxi9 uses the fact that the external
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Fig. 8 Root mean square vs measurement errors.
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Fig. 9 Selection of sample rate for the example.

disturbance w, is not completely random (or white) noise.
When the disturbance is modeled as a first-order Gauss-
Markov process, as we have done here, the disturbance is
characterized by its correlation time, TW.
Example

Using the short period dynamics3 at Mach 1.2 and zero
altitude as in the previous example, we evaluated the rms
response of pitch rate, q, and the total angle of attack d7 (in-
cluding that portion generated by the gust) due to a vertical
wind gust with an rms value,3 a, of 12 fps and measurement
errors of oq -0.33°/sec for the rate gyro and aa = 0.7 fps2 for
the accelerometer. In order to maintain the intensity (or
energy) of the wind constant, the power spectral density, Q,
was adjusted with the correlation time by

Q-=2a2/Tw (12)

Figure 6 shows the response of q and ot T vs sample rate at dif-
ferent correlation times around the nominal rw of 0.5 sec.3
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The effects of sample rate are most pronounced when the
correlation time is on the same order as the sample interval, T
(= l/oj5). For correlation times long compared to T, there is
essentially no dependence on sample rate. In addition to
showing the effect of T, Fig. 6 emphasizes the importance of
TW on the rms response of discrete controllers.

As a demonstration of the value of state space design
methods, we have included Fig. 7 to compare the wind re-
sponse of a system with feedback from the estimated wind
state, C^O, and no wind state estimate feedback, Cvv,=0.
Although the figure does not indicate an overwhelming im-
provement by the extra feedback, the 20% improvement may
be significant in some cases.

The total rms response is due to both wind effects and
measurement error effects. Since our purpose is to pick the
sample rate as slow as possible, Fig. 8 has been included to
show the effect that measurement instrument quality would
have on this selection. From a total systems standpoint, it
theoretically could be more cost effective to use higher quality
measurement devices than to increase the sample rate and
digital system costs; however, for this example no significant
reduction in sample rate is possible by decreasing the nominal
sensor errors.

Figure 9 is a repeat of the previous nominal response data
with additional information concerning the sample rate selec-
ted by closed-loop bandwidth considerations and the rms
response of the aircraft with no control. Since one of the pur-
poses in adding the controller was to improve the gust re-
sponse, the A/C free response adds perspective in what is
being accomplished with the controller. Although no gust
alleviation specification was stated in the previous autopilot
studies,3'4 it is desirable to provide as much as possible. With
sample rate at the 10 Hz (7=0.1) value determined by ban-
dwidth considerations, 75% gust alleviation of that possible
with continuous control is achieved. By increasing the sample
rate to 20 Hz (7=0.05 sec), 90% of the achievable gust
alleviation is achieved. Whether the extra gust alleviation is
worth the doubling of computation requirements for the
algorithms involved is a matter of judgment.

Summary

Techniques are well established to evaluate random distur-
bances on a digitally controlled system. The study of the ef-
fects on the example showed that it might be desirable to in-
crease the sample rate from the 10 Hz value determined by
bandwidth considerations to 20 Hz. No appreciable ad-
vantage is apparent from raising it any higher than 20 Hz.

V. Conclusions
The sample rate should be selected based on three criteria:

1) closed-loop rigid body time response (or bandwidth); 2)
sensitivity to vehicle parameter uncertainties, especially
vehicle resonance frequency undertainties; and 3) response to
random disturbances such as wind gusts. Stabilization of
vehicle resonances can be accomplished theoretically at any
sample rate, but the controller becomes unacceptably sensitive
to parameter uncertainties as the sample rate approaches the
important vehicle resonance frequencies.

The concepts above were applied to the longitudinal

dynamics including one bending mode of a hypothetical air-
craft at M=1.2 and zero altitude. For this example, 1) the
time response criterion suggested a sample rate of about 10
Hz, 2) the system was easily modified to be insensitive to a
10% error in the bending mode frequency at a 10 Hz sample
rate, and 3) the gust alleviation could be somewhat enhanced
by increasing the sample rate to 20 Hz.
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